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The examination of thefe very important and in-.
terefting particulars has, ¥ obferve, drawn me into a
prolixity, which I fear may prove tedious to your
Losdthip: but thould I have removed all doubts,
and brought convincing proofs of the abfurdity of
fearing a %ccond infeGion ; fhould I have thewn in~
oculation to be a neceflary practice, and that the
contagious diftemper may be communicated more
ways than one; I hope your Lordfhip will excufe
the length of this letter. I fhall only add my earneft
withes, that the legiflature may, by effe¢tual means,

revent the mmportation of diftempered cattle and
gides into thefe kingdoms ; the only means of natu-
ralizing and perpetuating a dreadful diftemper, now,
thank God! much decreafed among us.

¥ am, with the greateft refpe&,

My Lord,
Your Lordfhip’s
Moft humble and moft obedient Servant,
zfii?éi‘fgf 255 Daniel Peter Layard.

LXX. Frigonometry abridged. By the Rev.
Patrick Murdoch, 4. M. F.R.S.

Bead Feb. 3, H.E cafes in trigonometry, that can,

¥5 | properly be called different from
one another are ne more than four; which may be
wiolved by zbree general rules or theorems, exprefled
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in the fines of arcs only; ufing the fupplemental
triangle as there is occafion.

CASE L
When of three given parts two fland oppofite to
each other, and the third flands oppofite to the part
required.

Turorewm L.

The fines of the fides are proportional to the fines of
angles oppofite to them.

DEMONSTRATION,

Let QR (Tas.XX. Fig. 1.) be the bafe of a
{pherical triangle; its fides P Q, PR, whofe planes
cut that of the bafe in the diameters QCy, RC~.
And if, from the angle P, the line PL is perpendi-
cular to the plane of the bafe, meeting it in L, all
planes drawn through PL will be perpendicular to
the fame, by 18. ¢/ 11. Let two fuch planes be
penpendicular likewife to the femicircles of the fides,
cutting them in the ftraight lines PG, PH; and the
plane of the bafe in the'lines LG, LH.

Then the plane of the triangle PG L being per-
pendicular to the two planes, whofe interfetion is
QGCy, the angles PGQ_LGQ_will be right an-
gles, by 19. el 11. PG likewife fubtends a right
angle PLG, and the angle PG L meafures the in=
clination of the femicircle QP ¢ to the plane of the
bafe (def. 6. el. 11.) that is (by 16 ¢/. 3. and 10 e/, 11.)
it is equal to the fpherical angle PQR : whence PG
is to PL as the radius to the fine of PQR. The
fame way PL is to PH as the fine of PRQ_is to
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the radius : and therefore, ex @quo. PG the fine of’
the fide PQ_is to PH the fine of PR, as the fine
of PRQ_is to the fine of PQR.

CASES I and IIL

When the three parts are of the fame name:
And,
When two given parts include between them a given
part of a different name, the part required flanding
oppofite to this middle part.

THEOREM II.

Let S and s bethe fines.of two fides of a fpherical
triangle, d the fine of balf the difference of the fame
Sfides, a the fine of half the included angle, b the fine
of half the ba/i’ s and writing unity for the radius,
we bave Ssa*+ d*—=b*=o0; in which a or b may
be made the unknown quantity, as the cafe requires.

DeEMoONSTRATION:.

Let PQR (Fig. 2.) bea fpherical triangle, whofe
fides are PQ PR, the angle included QPR, the
bafe QR, PC the femiaxis of the {phere, in wlnch
the planes of the fides interfect.

To the pole P, draw the great circle A B, cutting
the fides (produced if needful) in M and N, and
thro’ Q_and R, the leffer circles Qg, 7R, cutting
off the arcs Qr gR equal to the difference of the
fides; join MN, Qg, 7R, QR, ¢7r.

Then the planes of the circles deferibed being pa-
rallel (‘Theod. [pberic. 2. 2.), and the axis PC perpen-
dicular to them (x0. 1. of #he fame), their interfec-

tions
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tions with the planes of the fides, as QT, and R¢,
will make right angles with PC; that is, QT and
R¢ are the fines (S, 5.) of the fides PQ_PR, and
MC NC are whole fines. Now the ifofceles tri-
angles MCN, QTg, r¢R, being manifeftly fimilar;
as alfo MN, the {ubtenfe of the arc which meafures
the angle QPR, being equal to (24 ) twice the
fine of half that angle ; we fhall have MN : MC ::
Q7:QT ::rR:R¢; or, in the notation of the
theorem, Qg =254, rR=12s54. And further,
the chords Q7 ¢ R being equal, and equally diftant
from the center of the fphere, as alfo equally inclined
to the axis PC, will, if produced, meet the axis
produced, in one point Z. Whence the points Q,
4, R, r, are in one £lane (2. ¢l 11.), and in the cir-
cumference in which that plane cuts the furface of
the {phere: the quadrilateral Q¢ R » is alfo a feg-
ment of the ifofceles triangle Z Q ¢, cut off by a line
parallel to its bafe, making the diagonals QR, ¢,
equal. And therefore, by a known property of the
circle, Qg x7 R 4 gR*= QR?*; which, fubftitut-
ing for Q ¢ and R the values found above, 24 for
Q7, 24 for QR, and taking the fourth part of the
whole, becomes S 54?4 4*=4* the propofition
- that was to be demonftrated.

Note 1. If this, or the preceding, is applied to a
plane triangle, the fines of the fides become the
fides themfelves ; the triangle being conceived
to lie in the furface of a fphere greater than
any that can be affigned. o

Note 2. If the two fides are equal, 4 vanifhing,
the operation is fhorter : as it likewife is when
one ot both fides are quadrants.

Note
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Note 3. By comparing this propofition with that
of the Lord Neper I, which makes the 39th
of Keill’s Trigonometry, it appears, that if AC,

AC+AM
A M, are two arcs, then fin, —_—
A A (FTFaxi—d=) infACT

fin. t AM x fin, § AC—fin. £ AM. And in
the folution of Cafe II the firft of thefe pro-
duéts will be the moft readily computed.

CASE 1V,

When the part required flands oppofite to a part,
which is likewife unknown : Having from the datz
of Cafe L. found a fourth part, let the fines of the
given fides be S, s; thofe of the given angles =, ¢
and the fines of half the unknown parts 2 and 4;
and we fhall have, as before, Ssa* 4 d2>— b2 =0;
and if the equation of the fupplements be 3 ¢ o>+ 4*
——[3*==0; then, becaufe a*= 1—b2=1—S5s2> 4%,
and B*=1— 4%, (fubftituting thefe values in the
fecond equation, we get

Tueorem IIL
1—Sox1—d>—4°

O — Ss o » ‘
Multiply the product of the fines of the two known
angles by the fquare of the cofine of balf the difference

of the fides : add the fquare of the fine of balf "the dif«
Serence of the angles ; and divide the complement of this

= ¢*; in words thus:

1 See Logarith. Canon, defer. Edinb. 1614, p. 48, /i
um



[ 543 ]
fum to unity, by the like complement of the product of
the four fines of the fides and angles; and the fquare
root of the quotient fball be the fine of balf the unknown

angle.

I we work by logarithms, the operation will not
be very troublefome ; but the rule needs not be ufed,
unlefs when a table of the trigonometrical analogies
is wanting. 'To fupply whicﬁ, the foregoing theo-
rems will be found fufficient, and of ready ufe;
being either committed to memory, or noted down
on the blank leaf of the trigonometrical tables.

Note, The {chemes may be better, raifed in card-
paper, or with bent wires and threads.

LXXI. An Account of Two extraordinary
Cafes of Gall-Stones. By James John-
ftone, M. D. of Kidderminfter. Com-
municated by the Rev. Charles Lyttelton,
L. L.D. Dean of Exeter.

To the Rev. Dr. Lyttelton, Déan of Exeter.
Rev. Sir,

Read Feb, g, Ccording. to promife I fend you a

1758 thort account of the two extraor-
dinary cafes we talked of, the laft time I had the
pleafure of feeing you at Kidderminfter,

The truth of the firft narrated cafe you are-already
a fufficient judge of ; and if it is at all neceflary to

afcertain



